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Abstract 

The Green's functions of the two and three-dimensional relativistic Aharonov- 
Bohm (A-B) systems are given by the path integral approach. In addition the 
exact radial Green's functions of the spherical A-B quantum billiard system 
in two and three-dimensional are obtained via the perturbation techanique of 
(^-function. 
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I. INTRODUCTION 



It was points out in 1959 by A-B Q that the motion of a charged particle can be affected 
by magnetic fields in regions from which the particle is excluded. This interesting property 
of magnetic fields and thus the vector potential A(x) in quantum mechanics has been well 
confirmed experimentally. Because it raises some fundamental questions, the A-B effect 
has much debated and written about over the years M. Recently, the A-B billiard systems 
have been much interest in the contexts of mesoscope nonlinear, and semi-classical 

dynamics HH. 

In this contribution, we present the Green's functions of the relativistic 2 and 3- 
dimensional A-B system by the path integral approach. Furthermore, the exact Green's 
functions of 2 and 3-dimensional relativistic spherical quantum billiard with a singular mag- 
netic flux (A-B magnetic field) centered at the origin is given by the closed formula of 
the perturbation technique. It is found that the energy spectra is only determined by the 
modified Bessel function involving the partial wave Green's function of the unperturbed 
relativistic A-B effect. 

II. GREEN'S FUNCTION OF THE TWO-DIMENSIONAL A-B BILLIARD 

SYSTEM 

The starting point is the path integral representation for the Green's function of a rela- 



tivistic particle in external electromagnetic fields [|I0| , |TT 

ih r 00 



G(x b ,x a ;£) = —j o dLj X?p(A)$ [p(X)] j V D x(X)exp{-A E [^±}/h}p(0) (2.1) 



with the action 
A E [x, x] = f " dX 



-x 2 (A) - z(e/c)A(x) • x(A) - p{X)- — - — + p (A) — - 



2p(A) v ' w ' w w rw 2mc 2 



(2.2) 

where L is defined as 



2 



Xb d\p(X), (2.3) 

'a 

in which p(A) is an arbitrary dimensionless fluctuating scale variable, p(0) is the terminal 



point of the function p(A), and $[p(A)] is some convenient gauge-fixing functional fT0HT2 
The only condition on $[p(A)] is that 

Dp(A)$[p(A)] = l. (2.4) 

h/mc is the well-known Compton wave length of a particle of mass m, A(x) and V(x) stand 
for the vector and scalar potential of the systems, respectively. E is the system energy, and 
x is the spatial part of the (D + 1) vector x M = (x, r). 

For the pure Aharonov-Bohm (AB) system under consideration, the scalar potential 
V(x.) = and the vector potential reads 



xf , -yei + xe 2 . , 

Ax =2g , 2.5 

x l + y l 



where e± t 2 stand for the unit vector along the x, y axis, respectively. In this problem, the 
functional $ [p(A)] can be taken as the ^-functional S [p — 1] to fixed the value of p(A) to 



unity |Ll]. For convenience, Let's now introduce the azimuthal angle around the magnetic 
tube: 

<p(x) = arctan(y/x). (2.6) 

The components of the vector potential can be therefore expressed as 

A i = 2gd tV (x). (2.7) 

The associated magnetic field lines are confined to an infinitely thin tube along the z-axis: 

B 3 = 2ge 3ij d i d j p(x) = 4ng5(x ± ), (2.8) 

where xj_ stands for the transverse vector xj_ = (x,y). Note that the derivatives in front of 
<p(x) commute everywhere, except at the origin where Stokes' theorem yields 



J d 2 x {dxd^ - d 2 d l ) (p(x) = j dip = 2tt. (2.9) 
The magnetic flux through the tube is defined by the integral 

Q, = I d 2 xB 3 . (2.10) 



This shows that the coupling constant g is related to the magnetic flux by 

9 = s - < 2 - n > 

Inserting Aj = 2gdiip(x) in Eq. Q2.2|) , the magnetic interaction takes the form 

A^ = -hf3 ( L d\ip(\), (2.12) 
j 

where y(A) = <^(x(A)), and /3 is the dimensionless number 

A = -g. (2,3) 

The minus sign is a matter of convention. Since the particle orbits are present at all times, 
their worldlines in spacetime can be considered as being closed at infinity, and the integral 

n= -!- [ L dXip(X) (2.14) 



2tt Jo 

is the topological invariant with integer values of the winding number n. The magnetic 
interaction is therefore purely topological, its value being 

Anag = -KfrfrVK. (2.15) 



After adding this to the action of Eq. (2^) in the radial decomposition of the relativistic path 
integral, we rewrite the sum over the azimuthal quantum number via Poisson's summation 
formula 

oo poo 00 

£ /(*) = / dy e^fiy). (2.16) 

k=-oo J -°° 

This leads to 



G(x b ,x a ,E) = — dLe L£ / h daK(r b ,r a ;L) a - £ ^-AX^--^ (217) 
2mc jo J-00 ™ 27r 



n=— 00 



where the pseudoenergy £ = (E 2 — m 2 c 4 ) /2mc 2 , and the radial pseudopropagator 
K {r b , r a ; L) a has the representation 

'< in^,L) a = £ » e -0M)/«i„ (^) . (2.18) 



The sum over all in Eq. (|2.17 ) forces a to be equal to (3q modulo an arbitrary integral 
number. The result is 

ifi roo 

G(x b} x a ,E) = — dLe L£ ' n K(x h ,K a] L) (2.19) 
2mc Jo 

in which K (x&, x a ; L) is given by 

^(x b ,x a ;L) = K(r b ,r a ;L) n+ p-e m ^^. (2.20) 

n=— 00 

From Eq. fl2.19|) , we observe that K (x b ,x a ; L) can be viewed as the propagator of AB 
system with the pseudoenergy £. The entire Green's function can be obtained by doing the 
integration. At this place, let us first discuss the wave function properties by noting the 
relation 

/•OO /*7T 

tf(r, r dr dtp K (x, x ; L) ^> (r , (p ; 0) , (2.21) 

JO J-1T 

where ^ (r , <po, 0) reads 

$ ( r0) y, o; 0) = e -**n>««<Po e -*A«Po (2.22) 



with the k = \J E 2 — m 2 c 4 /hc. Inserting the expression of Eq. (|2.20|) in Eq. Q2.21|) , we 
obtain 

m 1 _ m ( r 2 +r 2) /2hLT fmrr \ 



V hi J 



x — r d(p o e- ikrooaevo - i ^ +0a)vo . (2.23) 

27T J-7T 



5 



The angular integration can be performed by using the formula 

1 r 



Urn — I dde~ lzcos9 ~ ive = U-iz). (2.24) 
We arrive at 

* (r, <p;L) = £ e** j~ r dr^\e-<^)^ L I n+ , (^) I n+Po (-ikr ) . (2.25) 
The integral can perform with the help of the formula 

jf drre-*l*I v {sr)I v m = \e<^H v . (2.26) 

It yields 

oo 

9(r,<p;L) = E ^„ +A (-ifcr) e -<**> a V*"ft (2.27) 

n=— oo 

Extracting the wave function depending only on spatial variable (r, </?), we obtain 

oo 

*(r,¥>)= E H)"** W e^, (2.28) 

n=— oo 

where the equality I v {—iz) = {—i) v J v {z) has been used. This wave function coincides with 
the local approach in the relativistic version. The scattering wave of the relativistic AB 
effect can be extracted by spliting the wave function into three parts: 

* = #i + ^2 + ^3 



oo oo 

= E H)" +/3 ° Jr+h M ^ + E (-<)""* (kr) + (-i)* J* (Ar) e^. (2.29) 

n=l n=l 

It is not difficult to calculate the asymptotic behavior is given by 

= q fl + ^ 2 + ^ 3 r -Z^ e-^rcos^-i/^ + f^)^= (2.30) 

V/cr 

with the scattering amplitude 

-i37r/4 e -»¥>/2 

/fo>) = -=sin7r/3b — -. (2.31) 

V27T cos (v?/2) 



The corresponding cross section is 

da sin 2 (7r/3 ) 



^2.32) 



dtp 2n cos 2 {p/2) 

It has a strong peak near the forward direction <p rs n. For (3q = integer, there is no scattering 
at all. This concludes the discussion of the wave function by the path integral solution of 
the relativistic spinless AB system. 

Now let's begin to discuss the A-B billiard system. With a method developed in Ref. 
T3| , |l~4|1 , the exact Green's function of quantum billiard for a spherically shaped, impenetrable 



wall located at the radius r = a is given by the following formula 

Lr{a } a; hi) 

where G(r b , r a ; E) is the Green's function of unperturbed radial propagator. For the pure 
A-B system under consideration, It can be obtained by noting Eqs. ( |2.19| ) and Q2.20D and 
reads 

G(r b ,r a ; E) = iLe ^L e -H^)^% +M (f^) . (2.34) 



The integral can perform by using the integral representation [ [15], p. 200], 

ro ° dz „_ , , ^ /0 . „. ,a — b s 



jH ^e-^ a+b ^h(^) = 2I U (VP(V^ ~ <Sbj) K v (Vp(v^ + y/b)) , (2.35) 



yielding 



G(r b , r a ; E) = —I\ n+M ( ^J-m£/2h 2 (r b + r a - \r b - r a \) 



x K l 



n+M ^-m£/2h 2 (r b + r a + \r b - r a \j) • (2.36) 



This gives the Green's function with a wall located at r = a e.g. for r a < r b < a : 

2m 



G^ xx \r b ,r a] E) = I ]n+M (^-2m£/h 2 a) K [n+M (^/-2m£/h 2 r b ) - {K <- I) 



I\ n+ Po\ J-2m£/h r a 
x 7 , f ■ (2-37) 



I\ n +(3 \ ( \J-2m£/K a 



The corresponding bound state energy spectra are given by the equation 



l \n+/3 \ 



-2m£/h z a) = 0. 



(2.38) 



We see that the presence of the flux line in the circular billiard simply changes the order 
of the Bessel functions from the integer to fractional. If we assume that — (3q can take a 
continuous range of values between and 1, the symmetry |/3 | <-> (1 + \(3q\) m the quantum 
spectrum allows the restriction to < \(3q\ < 0.5. For integer flux \(3q\ = 0, 1,2, the 
quantum spectrum is unaltered by the flux line. This is seen from the fact that for any 
integer value of (3$ the angular momentum gets redefined and the new set is isomorphic to 
the old one both in terms of the spectrum and eigenstates. This mapping, however, has no 
classical analog since the classically allowed angular momenta remain the same. 

III. GREEN'S FUNCTION OF THE THREE-DIMENSIONAL A-B BILLIARD 

SYSTEM 



For solving the path integral of A-B system in three-dimensional space, Let's now intro- 
duce the space-time transformation | 16|jl7 



(3.1) 



with the short "time" interval = A n — A n _i to regularize the path integral in time-sliced 
form for getting a tractable one. Then we have the regularization path integral as following: 



G(x fe , x a ; £) 



ih 
2mc Jo 



dS 



N 

n 



/ 2^/(x b ) \3/2 1 = 1 
\ m J 



,1, i 



3/2 



with the s-sliced action 



N+l 
n=l L 



m(x n -x„_i) .e E 2 mc 2 

2e-/(x w ) - l c MXn) ' (X " " X - l} " eJM W + e ^ X ") — 



(3.3) 



The sign pa in Eq. 



becomes an equality for iV — > oo. The regularization /(x) in this 



problem can be chosen as the radial distance r = y/x 2 + y 2 + z 2 and thus /(x a ) = r a . Since 



we shall introduce the KS-transformation ||16|| , let us insert in Eq. 
representation of unity 



N+l 

n 

n=l 



dAw r 



(2Trhe s n p n r n /m 



,V2 



1 



exp 



N+l 

E 



m (/\w n y 



a functional integral 



(3.4) 



^ti2 e s n p n r n J 

The w n is a fictitious fourth coordinate axis. With this, the path integral of 3- dimensional 
A-B effect can be rewritten as the 4- dimensional path integral in the time-sliced version 



G(x fe ,x a ;£) 



ih 



2mc Jo 
with the sliced action 



dS / dw. 



N+l 

n 

n=2 



dAx r 



exp^--^ 



(3.5) 



.4 



N 



N+l 

E 

n=l L 



771 (x n ^n— l) 



_E 2 

i(e/c)A(x n ) • (x n - x n _i) - e s n r n - — - 

2mc z 



+ e s r 



mc 



n' n 



(3.6) 



where the kinetic term in Eq. ( |3.3|) has been replaced with the four- vector x due to the reason 
of Eq. ( |3.4|) and the integrals over Ax n may be performed successively from n = N down to 
n — 1. The notation's change of the measure of integration is necessary for discussing the 
path integral in curved space, since x n are Cartesian coordinates and certainly identical in 
the time-sliced expressions ||1 7|| : 



N 

n 

n=l 



/•OO 


N+l 


" POO 


/ dx n 


= n 


/ dAx n 


) — OO 


n=2 


J — OO 



(3.7) 



However, their images under a non-holonomic mapping are different so that the initial form 
of the sliced path integral is a matter of choice. In the space with curvature and torsion it 
has been proved in Ref. [|T/j. Only the right-hand side of Eq. ( p.7| ) gives the properly correct 
results. To go further, let's adjust for having the same time-sliced index the measure via 
the following approximation 



\ m J 



N+l 

n 

n=2 



dAx r 



-oo / 27rfie°r n „i 



N+l 

r r27vl,,?\ 2 II 



dAx r 



-oo / 2irhe s n r n 



(3.8) 



With the help of the approximation, we arrive at 
%h r°° dS f dw a I 



G(x6, x a ; E) 



2mc Jo 



N+l 

. r. - l l 

2 



9 



dAx n 

m 



cxp 



—-A N 
h 



(3.9) 



This path integral can be simplified by the KS-transformation 



dx = 2A{u)du. 



The 4x4 matrix A(u) is chosen as 



A{u) 



^ S 4 1 2 

U U U U 



4 S 2 1 

U —U — 11 U 



12 S 4 

U U — 11 — 11 



2 14 3 

11 —U U — 11 



The transformations of the volume element and velocity are given as 



dx = 16r 2 du, 



x' 2 = Au 2 u 2 = Aru' 2 . 



Furthermore, the magnetic interaction under the KS-transformation turns into 



A(x) ■ x(A) = - 2g V A^ = -2g 



x 2 + y 2 



1 • 2 2 • 1 

11 11 — 11 11 

(u 1 ) 2 + (u 2 ) 2 



+ 



A • S S • 4 

11 11 — 11 11 

M 2 + (« 4 ) 2 



or in the time-sliced version 



A(x n ) ■ (x n - x n _i) = -2g 



y n Ax n - x n Ay r , 

X n + Vn 



-2g 



ujAul - u 2 n Au l n vjAuj - ujAu^ 



u 



[Ut 



[u-i 



\U2 



We obtain a path integral equivalent to Eq. (|3[ 

/// ' x 



G(x 6 , x a ; E) = - — / dS G(u b , u a \ S), 
2mc Jo 



2mc Jo 

where G(ub,u a ; S) denotes the s-sliced amplitude 



G(u b , u a ] S) 



J_ f dw a 
16 



r a ^p_y 



N 

n 

n=l 



dllr 



2irht 8 n 
M 



exp 



-A 



N 
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with the action 



A = E \ 2( , ' ^(O-A", 



+ e 



Muj 2 u 2 



n 2 



Here 



M = 4m, cj 2 



m 2 c — 
4m 2 c 2 



and 



A(w n ) ■ A«„ = -2g 



w 2 + w 2 



+ 



<) 2 + M) ; 



In the continuum limit, this amounts to 



with the action 



A= ds 
Jo 



- 2i(e/c)(A(s) ■iZ'(s)) + 



(3.18) 



(3.19) 



(3.20) 



(3.21) 



(3.22) 



2 w /v w v // 2 

There are no s-slicing corrections. This is ensured by the affine connection of KS- 
transformation satisfying 







(3.23) 



with the basis triads e l v {q) = dx l /dq >M and the transverse gauge d^A^ = Jl7[]. Note that 
the system becomes separable like i? 4 — > R 2 x R 2 in which each R 2 has a dynamical model 
a 2-dimensional simple harmonic oscillator moving in the A-B magnetic fields. Its Green's 
function is given by [[U||17]] 



Mu 



h sinh cos 



E • 

k=— oo 



Jk(<p b -<p a ) 



( Moo / 2 2 \ 1 
exp | — ^- (ct 6 + a a J coth^sj ij 



*+A)l 



V h sinha;s 



(3.24) 



where a = \/x 2 + y 2 is the radial length, I u is the modified Bessel function, and j3 = 
—2eg/hc. Therefore, we obtain the entire Green's function 



G(x b ,x a ;E) 



ih 

2mc Jo 



^ 1 r dw n 



16 J r a \^,sinha;s 



Mu 



11 



X 



oo oo 

E E « 

ki=— oo k2=—co 



,ikl(tpi I b—<Pl,a)pik2(<P2,b-<P2,a) 



x exp 



Muj 



^1,6 + ^1,0 



°2 b + °2 a 1 C °th ^ s 



/Mo;(Ji >6 (Ji ia \ / M (jja 2 ,bcr2,a 



Here the coordinate transformations (cr 1 ,(p 1 ) and (a 2 ,(/? 2 ) are defined as 



(3.25) 



« = 0"! COS(y9i 

■U 3 = 0"2 COS (/?2 
,4 



> . 



(3.26) 



■u = a"2 sin tp 2 

To perform the w a integration, let's express the variables (a±, ipi, a 2 , (p 2 ) m terms of the 
Euler angle variables by defining: 



m 1 = ^cos(6/2) cos [{if + 7)/2] 
M 2 = C os(#/2) sin [(y? + 7)/2] 
M 3 = ^8^(^/2) cos [(y? - 7)/2] 
u A = v^sin(^/2) sin [(^ - 7 )/2] 



< < 7T 



< y? < 2vr 
< 7 < 4tt y 



(3.27) 



and identify 



(3.28) 



a L = v/rcos(#/2) 
</?i = (y? + 7 + 7r)/2 
(j 2 = v^sin(^/2) 
y? 2 = (y?-7)/2 

Then one can change the w a -integration into the 7 a -integration whose result is easily repre- 
sented as the Kronecker delta 5k u ki- Hence, we carry out /c 2 -summation and finally becomes 

ih m 2 u 



2mc 7rh 



E < 



12 



Jo ^ sinh 



p - igr (r b +r a ) coth 77 

2 „ 



x I{k+M { M Z^ coseb/2cos6a/2 ) I{k+M {i^^ sin6b/2sin6a/2 ) ' (3 - 29) 

where we have defined the new variable rj = us. The product of modified Bessel functions 
can simplify by making use of the addition theorem [JTTJ 



I v (z sin a/2 sin/3/2) 1^ (z cos a/2 cos/5/2) 



(sin a/2 sin p/2) (cosa/2 cosp/2) p > j 



z K ' ' ^ y v 7 ^ r(Z + /i + l)r(/ + i/+l) 

x I 2 *+^+i (z) P/*" (cos 6 ) P/^ } (cos a ) , (3.30) 



where P^' u ^ is Jacobi polynomial (e.g. p. 209 ||18|| ). The Green's function in Eq. (|3.29|) 

becomes 

if) m oo oo 

G(x b ,x a ;£) = — V Ve^"^) 

1 J 2mc2^ v ^ fc f- oo ^ 



x (cosfl 6 /2cos# a /2sinfl fe /2sin# a /2) 



fc+/3ol 



zir(/ + 2 




+l)(2/ + 2 




+1) 


r 2 (/+ 


I k + (3 


+1) 



X 



J f°° dr) 1 e~ j ^ (rb+ra)cothT? /: 
I Jo sinh f] 



2/+2[fc+/3 |+l 



x J pa*+/*»i.i*+/3b[) (cos ^ } P (\k + Po\,\k + M) {cosda) (331) 



\ h sinh 77 



The integral can perform by noting the equality ||12" | 



Alio 



f°° dz 1 c -^(r h +ra) coth ( h 

jo sinh z 



sinhz 



1 jT ^ e -fV™W/- s /„ /2 (™!|.) , (3.32) 
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where £ is defined as (m 2 c 4 — E 2 )/2mc 2 . We finally obtain the exact Green's function of the 
relativistic three-dimensional A-B effect 

ih 



oo oo 



G(x fe ,x a ;£) = — Y, E etfe( ^ a) ( cos V2cos^/2sin^/2sin^/2) 



k=—oo 1=0 



m l\T(l + 2 


k + (3 \ 


+ 1) (2/ + 2 


k + (3 


+ 1) 


2irhy/r b r a 


r 2 (z+ 


I k + (3 


+ 1) 



x (L 



/ 772 £ 

^2 ((n + r a ) - \r b -r Q 



^2 i( r b + r a ) + \n - r a \ 



(\k+M,\k+(3 \) 



cos 6b) Pi 



(cos 6 a ) 



(3.33) 



with v — 1+ | k + /3o | +1/2. It is worth to note that there exist no bound states in the pure 
A-B effect. This is reasonable, since we are treating a scattering system. 
According to the orthogonality relations of Jacobi polynomials [ |I~8|j , 

-l 

-i 



dx (1 - x) a (1 + xf P^ (x) PjC' P) (x) 
2 a+/3+1 T(a + n + l)T((3 + n + l) 



-5r, 



a + (3 + 2n + l n\T (a + (3 + n + 1) 
,we find the radial Green's function of the relativistic three-dimensional A-B effect 

G(r b ,r a ;E) 



(3.34) 



h\/r b r a 



x ll v 



^2 ((n + r a ) - |r 6 -r a |) 



/ Tfl£ 

^((n + rj + \r b -r a \) 



(3.35) 



By applying the method developed in Refs. [|lq , [14|l again, the effect of a spherically shaped 
impenetrable wall located at the radius r = a can be researched via formula of Eq. ( j2.33| ). 
This gives ,e.g. for r a < r& < a, the exact Green's function: 

2m 



G^ n \r b ,r a ,E) 



h^/rbT a 



14 



I v J2m8/h 2 a K v J2mS/h 2 r b - (K <-»• I) 



2m£/h 2 r a 



'2m£/fi 2 a 

The corresponding bound state energy spectra are given by the equation 



(3.36) 



Ii+\k+0 o \+i/2 \y\J2mS/h aj = 0. (3.37) 

We again see that the presence of the flux line in the circular billiard simply changes the 
order of the Bessel functions. The energy spectra is determined by the zero points of the 
modified Bessel function. This quantum effect may detect by the experiment. It has much 
interested in the mesoscope systems 0-0. For the non-relativistic quantum A-B billiard 
system, the exact Green's function is given by replacing the pseudoenergy S with —E. 



IV. CONCLUDING REMARKS 

In this contribution, the Green's function of the relativistic two and three-dimensional 
A-B system is given by path integral approach. The results are separated into the angu- 
lar and radial parts. From the radial parts, the Green's function of the relativistic two 
and three-dimensional quantum A-B billiard system are obtained via the closed formula of 
Dirichlet boundary condition given by the 5-function perturbation. The energy spectra are 
determined by the zeros of the modified Bessel function involving the partial wave expanded 
Green's function of the unperturbed A-B systems. The A-B system serve as the prototype 
of arbitrary systems bounded by the spherical Dirichlet boundary condition. There is an in- 
teresting effect in mesoscope systems related to our results for the non-relativistic case. 
Such effect can be exactly described by the A-B magnetic field surrounded by a spherically 
shaped ^-function. Its Green's function is given by |i3t|i4f 



G"W.;g) = Gfar.;g) - % f >G '°' *%% (4.1) 

G(a, a; E) — n/aa^ u l > 

with G being the radial Green's function without 8{r — a)-potential and a the interacting 
strength of (^-function. In two-dimensional case, with the result of Eq. ( |2.36| ), Eq. ( [Op 
yields for r b > a > r a 

15 



G^(r b ,r a ,E) 



2m J l"+A>l 



-2mE/h z r a K\ 



-2mE/h 2 r b 



OtCL 2m t 

T J \n+Po\ 



-2mE/h z aj K\ n+M \J-2mE/h^a 
Energy spectra E n of bound states are determined by the equation 

h 2 



aa 



(4.2) 



2maa 



\n+p \ 



-2mE n /h 2 a^j K 



(4.3) 



From the asymptotic behavior of I a (az) K a (az) for a — > oo [p. 378 [ IDfl l 

1 



(az) K n (az) 



2aVTT7 2 



(4.4) 



we obtain 



h 1 



maa 



\n + Po\ + 



2m I E„ I a 



2\ -1/2 



< 



1 



h 2 J " \n + p \ 
This implies only finite bound states exist and the upper bound is given by 



(4.5) 



\n + f3 \ < 



maa 



h z 



(4.6) 



We see that the A-B effect not just change the energy levels but change the number of bound 
states. On the other hand, the radius of a thin-walled cylinder also affects the number of 
energy levels. For the three-dimensional case, with the radial Green's function ( |3.35[ ) of A-B 
effect, we have the Green's function of semi-transparent wall for r b > a > r a 



G^{r b ,r a ;E) 



2m j 

-^h+\k+p \+i/2 



-2mE/h z r a K, 



^+|fc+/3 |+l/2 



-2mE/h 2 r b 



V ^^f^ / '+|fc+A.|+i/2 



2mE/h z a K l+ \ k 

+/3 1+1/2 \J—2mE/h a 



(4.7) 



The energy levels of bound states are determined by 



n 2 



2maa 



H+\k+f3 \+l/2 



2mE n /h a K l+ \ k+M+1 / 2 \J-2mE n /h 



a . 



(4.8) 



A similar analysis of two dimensional case gives the upper bound of eigenvalue for the 
(l + \k + f3 \ + 1/2) -> oo 
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h 2 /, , 2m\E n \a 2 Y 1/2 1 , , 

mao y n J I + \k + p \ + 1/2 

i.e., 

(Z + |A; + A)| + l/2)<-^-. (4.10) 

It is easily to see that the number of bound states of three-dimensional case is more than 
the two-dimensional one for an extra degree of freedom of quantum number. These results 
give a reasonable ground in illustrating the dependence of the electron wave functions on the 
vector potential of the A-B magnetic fields while electron penetrates the spherical cylinder. 

ACKNOWLEDGMENTS 
The work is supported by the National Science Council of Taiwan under contract number 
NSC88-2811-M-009-0015. 



17 



REFERENCES 

[1] Y. Aharonov and D. Bohm, Phys. Rev. D115, 485 (1959). 

[2] A. Shapere and F. Wilczek (editors), Geometric Phases in Physics, World Scientific, 
Singapore, 1989. 

[3] B. L. Al'tshuler, A. G. Aronov, and B. Z. Spivak, JETP Lett. 33, 94 (1981). 
[4] D. Yu. Sharvin and Yu. V. Sharvin, JETP Lett. 34, 272 (1981). 

[5] B. L. Al'tshuler, A. G. Aronov, B. Z. Spivak, D. Yu. Sharvin, and Yu. V. Sharvin, JEPT 
Lett. 35, 588 (1982). 

[6] R. Landauer and M. Buttiker, Phys. Rev. Lett. 54 2049 (1985). 

[7] D. Lenstra and W. van Haeringen, Phys. Rev. Lett. 57 1623 (1986). 

[8] M. V. Berry and M. Robnik, J. Phys. A 19 649 (1986). 

[9] S. M. Reimann, M. Brack, A. G. Magner, J. Blaschke, and M. V. N. Murthy, Phys. 
Rev. A 53 39 (1996). 

[10] H. Kleinert, Phys. Lett. A 212 15 (1996). 

[11] D. H. Lin, J. Phys. A 31 4785 (1998); J. Math. Phys. 40 1246 (1999). 
[12] D. H. Lin, J. Phys. A 30 3201 (1997); A 31 7577 (1998). 
[13] C. Grosche, Phys. Rev. Lett. 71 1 (1993). 
[14] D. H. Lin, J. Phys. A 30 4365 (1997). 

[15] A. Erdelyi, W. Magnus, F. Oberhettinger and F. G. Tricomi, eds., Table of Integral 
Transforms, Vol. I, McGraw-Hill, New York, 1954. 

[16] C. Grosche and F. Steiner, Handbook of Feynmann Path Integrals, Springer Tracts in 
Modern Physics; Vol. 145, 1998. 

18 



[17] H. Kleinert, Path Integrals in Quantum Mechanics, Statistics and Polymer Physics, 
World Scientific, Singapore, 1995. 

[18] W. Magnus, F. Oberhettinger and R. P. Soni, Formulas and Theorems of the Special 
Function of Mathematical Physics, Springer, Berlin, 1966. 

[19] M. Abramowitz and I. A. Stegun, eds., Handbook of Mathematical Functions, Washing- 
ton^. S. Govt. Print. Off., 1964. 



19 



